We study some qualitative properties of ancient solutions of superlinear heat equations on a Riemannian manifold, with particular interest in positivity and constancy in space.
Introduction
In this paper we continue the study started in [2] about some properties of solutions of semilinear heat equations on a complete and connected Riemannian manifold (M, g) without boundary. We will consider the model equations u t = ∆u+|u| p with p > 1, where ∆ is the Laplace-Beltrami operator of (M, g). Definition 1.1. We call a solution of the equation u t = ∆u + |u| p • ancient if it is defined in M × (−∞, T ) for some T ∈ R,
• immortal if it is defined in M × (T, +∞) for some T ∈ R,
• eternal if it is defined in M × R.
We call a solution u trivial if it is constant in space, that is, u(x, t) = u(t) and solves the ODE u ′ = |u| p . We say that u is simply constant if it is constant in space and time.
Notice that positive ancient (or negative immortal) trivial solutions always exists (the problem reduces to solve the above ODE).
A reason for the interest in ancient or eternal solutions is that they typically arise as blow-up limits when the solutions of semilinear parabolic equations (in bounded intervals) develop a singularity at a certain time T ∈ R, i.e. the solution u becomes unbounded as t → T − . Our main result is the following theorem. Theorem 1.2. Let (M, g) be a n-dimensional compact Riemannian manifold without boundary such that Ric > 0. Let u be an ancient solution to the semilinear heat equation u t = ∆u + |u| p , with 1 < p < n(n+2) (n−1) 2 . Then u is trivial. In Theorem 4.4 of [2] we proved triviality of ancient solutions for the case p = 2 under a suitable growth assumption, hence, Theorem 1.2, besides extending the conclusion to any exponent 1 < p < n(n+2) (n−1) 2 , improves such result not requiring any growth assumptions on the solutions. This is achieved through a priori gradient and decay estimates of independent interest, which we discuss in Section 3. Moreover, we underline that we do not assume the positivity of the solutions, but we just obtain it under the hypothesis of boundedness from below of the Ricci tensor (see Section 2), thus, as a consequence, it is possible to improve results such as Theorem 1 in [14] or Corollary 1.6 in [12] .
In the Euclidean space, it is well known that nontrivial global radial (static) solutions on R n × R exist for any supercritical exponent p ≥ n+2 n−2
. Conversely, while triviality of eternal radial solutions can be shown in the full range of subcritical exponents 1 < p < n+2 n−2 , the same expected result for general (not necessarily radial) solutions is known only in the range 1 < p < n(n+2) (n−1) 2 (as in Theorem 1.2 above), and it remains a challenging open problem when n(n+2)
(see [4, 5] ). In Section 2 we show that the boundedness from below of the Ricci tensor of the manifold (M, g) implies the positivity of ancient solutions. In Section 3 we obtain a universal a priori estimate which implies the decay at minus infinity of ancient solutions, as well as a gradient estimate of Li-Yau type. Finally, in Section 4, we prove Theorem 1.2 as a corollary of a triviality result.
In all of the paper, the Riemannian manifolds (M, g) will be smooth, complete, connected and without boundary. We will denote with ∆ the associated Laplace-Beltrami operator. As it is standard, we will write Ric ≥ λ with the meaning Ric ≥ λg, that is, all the eigenvalues of the Ricci tensor are larger or equal than λ ∈ R. Finally, all the solutions we will consider are classical, C 2 in space and C 1 in time.
Positivity
We start showing positivity of ancient solutions. We will also see that eternal solutions are trivial in the compact case.
Proposition 2.1. Let (M, g) be compact and u an ancient solution of the equation
Proof. For every t < T , we define x t ∈ M as the point such that u(x t , t) = min x∈M u(x, t) and we set v(t) = u(x t , t), then, by maximum principle or more precisely, by Hamilton's trick (see [8] or [10, Lemma 2.1.3] for details), at almost every t ∈ (−∞, T ) (precisely when v ′ (t) exists -notice that v is locally Lipschitz, as M is compact) there holds v ′ (t) ≥ |v(t)| p . If v(t 0 ) < 0 at some time t 0 ∈ (−∞, T ), then integrating the above differential inequality in intervals [t 1 , t 0 ], it is easy to see that, moving in the past, v(t) goes to −∞ in finite time, which is a contradiction. Thus, v(t) ≥ 0 for every t ∈ (−∞, T ), which implies u ≥ 0 everywhere. Then, by strong maximum principle, either u > 0 everywhere (M is connected) or u ≡ 0 and we are done.
Proof. By the previous proposition, if u ≡ 0, then u is positive everywhere and (with the same notation of the previous theorem) if v(t 0 ) > 0, for some t 0 ∈ R, by integrating the differential inequality v
, we see that v(t) goes to +∞ in finite time, against the hypothesis that u is an eternal solution.
Remark 2.3. With the same argument, we can see that an immortal nonnegative solution is identically zero.
Remark 2.4. In the noncompact situation, the conclusion of Corollary 2.2 does not necessarily hold. Consider M = R n and u : R n → R given by a "Talenti's function" (an extremal of Sobolev inequality, see [17] and also [1] ), that is,
, which, by a straightforward computation, satisfies ∆u + u n+2 n−2 = 0 in R n , for n ≥ 3. In particular, u is a nonzero eternal (static) solution for the semilinear heat equation
We deal now with the noncompact case, following the technique of [3, Proposition 2.1].
Lemma 2.5. Let the Ricci tensor of the n-dimensional Riemannian manifold (M, g) be uniformly bounded below by −K(n − 1), with K ≥ 0, and let u be a solution of the equation
for every x ∈ B Ar 0 /4 (x 0 ) and t ∈ [0, T ).
Proof. By the Laplacian comparison theorem (see [13, Chapter 9, Section 3.3] and also [15] 
whenever d(x 0 , x) ≥ r 0 , in the sense of support functions (or in the sense of viscosity, see [6] check also [11, Appendix A] for comparison of the two notions), in particular, this inequality can be used in maximum principle arguments, see again [13, Chapter 9, Section 3], for instance. Hence,
We consider the function w(x, t) = u(x, t)ψ(x, t) with
where ϕ : R → R is a smooth, nonnegative and nonincreasing function such that ϕ = 1 in
For every t ∈ [0, T ), we let w min (t) = min x∈M w(x, t) which is well defined (by construction, ϕ(s) is zero for s ≥ 1). Moreover, w min is locally Lipschitz, hence differentiable at almost every time t ∈ [0, T ). If w min (t) < 0, the minimum of w(·, t) is achieved at some point x t ∈ B Ar 0 (x 0 ), with ψ(x t , t) > 0 and u(x t , t) < 0. Hence, in a space-time neighborhood of (x t , t) we have ϕ(. . . ) = ψ > 0, so we can compute
at the smooth points of the function ψ, in particular, at the smooth points of the distance function (that is, the points not belonging to the cutlocus of x 0 ). Notice that we used the fact that |∇d(x 0 , ·)| 2 = 1.
by the hypothesis on A. Thus, by the choice of ϕ, the function ψ is locally constant equal to 1 around (x t , t), hence smooth and ∇ψ = ∆ψ = ∂ψ ∂t = 0. It follows, by the first line in computation (2.2) , that in such case there holds
, estimate (2.1) and formula (2.2) hold in sense of support functions (or of viscosity), locally around (x t , t). Moreover, ϕ ′ (. . . )u ≥ 0, as u is locally negative, that is, the factor in front of the second term in the right hand side of formula (2.2) is nonnegative. Hence, locally we have
Notice that, by the argument leading to equation (2.3), this conclusion holds also when x t ∈ B 2r 0 (x 0 ), hence, independently of the position of the point x t , for every time t ∈ [0, T ) such that w min (t) < 0. Then, by maximum principle (Hamilton's trick) and standard support functions (or viscosity) techniques, if w ′ min (t) exists, we get the inequality
with the right hand side evaluated at (x t , t). Now, it is not difficult to see that, by our assumptions on the function ϕ : R → R, there exists a positive constant C such that
Hence, simplifying the notation, for any δ ∈ (0, 1), there holds
where we used Young inequality, for some positive constant C p . As 0 < ψ(x t , t) ≤ 1, when w min (t) < 0, we get
for some positive constant C δ , at almost every time t ∈ [0, T ) such that w min (t) < 0.
Resuming, for almost every t ∈ [0, T ), either w min (t) is nonnegative or the differential inequality (2.4) holds, moreover w min (0) ≥ −L, by hypothesis (recall that if w min (0) < 0 any point of minimum of w(·, 0) belongs to B Ar 0 (x 0 )). By an easy ODE's argument, integrating such differential inequality, we conclude
As a consequence of this lemma, we prove the positivity of ancient solutions. Notice that we do not ask any bound on u. Theorem 2.6. Let the Ricci tensor of (M, g) be uniformly bounded below. If u is an ancient solution of the equation u t = ∆u + |u| p with p > 1 in M × (−∞, T ), then either u ≡ 0 or u > 0 everywhere.
Proof. We only need to show that u ≥ 0 everywhere, then the conclusion will follow by the strong maximum principle, as before.
Let the Ricci tensor of (M, g) be bounded below by −K(n − 1), for some K ≥ 0. Since the estimate in the previous lemma is invariant by translation in time, for every m ∈ N, we can consider the interval [−m, T ), for any m > −T , and conclude that
for every x ∈ B Ar 0 /4 (x 0 ) and t ∈ [−m, T ), with −L ≤ inf x∈B Ar 0 (x 0 ) u(x, −m) and
In particular, for every t ∈ [−m + 1, T ) and x ∈ B Ar 0 /4 (x 0 ), sending L to +∞, we get
Sending now A → +∞, we have that for every t ∈ [−m + 1, T ) and x ∈ M there holds u(x, t) ≥ − (1 − δ)(p − 1)(t + m) 
Gradient and decay estimates
We now show a gradient estimate for positive solutions of the semilinear heat equation u t = ∆u+|u| p on manifolds with nonnegative Ricci tensor. A similar result for the classical heat equation has been proven by Souplet and Zhang in [16] . We will then apply this estimate in order to obtain the triviality of ancient solutions of u t = ∆u + |u| p under some hypotheses. 
where
Proof. Let us define
Thanks to the semilinear heat equation we easily see that
then, in an orthonormal basis, we have
where we interchanged derivatives (hence, there is an "extra" error term given by the Ricci tensor), passing from the fourth to the fifth line and we used the usual convention of summing on repeated indexes. Now,
and ∆w = 2f
Hence, we get
As by hypothesis, f ≤ 0, we have
For the sake of simplicity let us set L = pD p−1 − (n − 1)K . Notice that by (3.2), there holds
hence, substituting, we get
We introduce the following cut-off functions (of Li and Yau [9] ). Let ψ be a smooth function supported in Q R,T with the following properties:
2. ϕ is nonincreasing in the space variable r,
for some constants C, C a independent of R and T . Then, by inequality (3.3) with a straightforward calculation, setting b = − 2f 1−f ∇f one has
Suppose that the positive maximum of ψw is reached at some point (x 1 , t 1 ) ∈ Q R,T , which cannot be on the boundary where ψ = 0. Arguing again (as in Lemma 2.5) in the sense of support function, if necessary, at such maximum point there holds ∆(ψw) ≤ 0, (ψw) t = 0 and ∇(ψw) = 0, hence
We now estimate each term on the right hand side. For the first term we have,
by the properties of the function ψ.
For the second term,
Thanks to the assumption on the nonnegative Ricci curvature, by the Laplacian comparison theorem (see formula (2.1)), we have
by the properties of the functions ϕ (we recall that ∂ r ϕ ≤ 0) and ψ. Now we estimate |ψ t |w as
again by the properties of ψ. Finally, we deal with the last term, there holds
as ψ ≤ 1. Substituting estimates (3.5), (3.6), (3.7), (3.8), (3.9) in the right hand side of inequality (3.4), we deduce
Recalling that f ≤ 0, it follows
and, since f 4 /(1 − f ) 4 ≤ 1, we conclude that
for every (x, t) ∈ Q R/2,T /4 . Since f = log(u/D), we are done. The constant C can be effectively traced back and made explicit from estimates (3.5) onward: it comes from reiterated applications of Young's inequality with numerical constants, from the properties 3 and 4 of the cut-off functions ψ through the constants C a and C respectively, and from the constant 2(n − 1) appearing in the Laplacian comparison theorem used in estimate (3.7). So C(n, p) is depending only on the dimension n of the manifold M and on the exponent p > 1.
Remark 3.2. Notice that if K > 0, then the manifold is compact, by Bonnet-Myers theorem (see [7] ).
If u ≤ D uniformly in M × [T 0 − T, T 0 ], then estimate (3.1) holds for every (x, t) ∈ M ×[T 0 −T /4, T 0 ], when R is large enough, hence, sending R → +∞, we get the following corollary. for every x ∈ M and t ≤ T 0 , hence, by the estimate (3.10), we get (with a constant C depending only on the dimension n of the manifold M and on the exponent p > 1), |∇u(x, t)| u(x, t) ≤ C (pD p−1 − (n − 1)K) + 1 + log D u(x, t) = 0, 
